Abstract. Properties of Pisot numbers have long been of interest. One line of questioning, initiated by Erdős, Joó and Komornik in 1990, is the determination of l(q) for Pisot numbers q, where
Introduction
We begin by recalling the definition of a Pisot number: One issue with respect to these spectra is to find the the minimal nonzero value. Here and throughout q ∈ (1, 2), which is the only domain of interest for such questions.
A spectrum Λ is discrete if, for any finite interval [a, b] of the real line, Λ ∩ [a, b] has only a finite number of elements. A spectrum is uniformly discrete if there exists an greater than zero such that for any two distinct values in the spectrum, these values are at least apart. Similarly, a spectrum is nonuniformly discrete if it is discrete, but it is not uniformly discrete.
It is clear that A(q) ⊂ Λ(q), so a number of the results known for Λ(q) follow for A(q). Results known for A(q) specifically are due to Peres and Solomyak [18] . They show that A(q) is dense in R for a.e. q ∈ ( √ 2, 2). Further, if q ∈ (1, √ 2) and q 2 is not the root of a height 1 polynomial, then A(q) is dense. Also if q is a Pisot number, then A(q) is uniformly discrete. This paper answers some questions concerning A(q). It gives necessary conditions for A(q) to be discrete. As well it gives some examples of q that are not Pisot, but where the A(q) are discrete. The existence of such a q is somewhat surprising, because Λ(q) is thought to be discrete if and only if q is Pisot. Further, until now the only known examples for A(q) being discrete were for Pisot numbers.
If q is a Pisot number, then much is known about l m (q). In general l m (q) is known to be strictly positive for all Pisot numbers q and for all m [3, 8] . Specifically,
where d is the degree of the minimal polynomial satisfied by q, and Q the modulus of q's largest conjugate [10] . For general m, it is known that
where q 2 , . . . , q n are the conjugates of q [3, 11] . The stronger result that l m (q) > 0 for all m if and only if q is Pisot is given in [3] . An even stronger result, shown in [6] on a more restricted set, is that if q <
1+
√ 5 2 , then l 2 (q) > 0 if and only if q is Pisot. However it is still unknown if there exists a q ∈ (1, 2) that is not Pisot with l(q) > 0.
When q is not a Pisot number, then the following results are known. If q does not satisfy a polynomial of height 1, then l(q) = 0 by a pigeonhole argument [3, 10] . Some other results of Erdős and Komornik [8] 
. If q is the Golden ratio (the greater root of x 2 − x − 1), then l 2 (q) = 2 − q [3] . For general m, and q the Golden ratio, all l m (q) are known: if F k is the kth Fibonacci number (F 0 = 0,
. This paper gives an algorithm where l m (q) can be calculated for any Pisot number q and any integer m, limited only by the memory of the computer.
An algorithm to determine Λ(q) ∩
q−1 is given by Ka-Sing Lau in [15] . In Lau's paper the values of the size of the spectra in this range are determined for SOME COMPUTATIONS ON THE SPECTRA OF PISOT AND SALEM NUMBERS 769 the Pisot roots of the polynomials
This algorithm is generalized in Section 2 to answer some of the questions concerning l(q) and a(q) above.
Another question that can be examined with this algorithm asks which Pisot numbers q satisfy a polynomial with ±1 coefficients. Surprisingly there exist Pisot numbers that do not satisfy such a polynomial. For the Pisot numbers that do satisfy a ±1 polynomial, it is often possible to use LLL to find this polynomial. In fact, LLL can sometimes be used for other algebraic numbers for this purpose, as will be demonstrated in Section 6. For a good review of LLL, see [4, 16, 17] .
The algorithm
This section gives an algorithm to find the spectrum of a number in a particular range (i.e., determine Λ S (q) ∩ [a, b] for a number q and a finite range [a, b] ). This section shows that when this number is a Pisot number, then this algorithm terminates, and further if this algorithm terminates, then the spectrum is discrete over the entire real line. In the case of Λ(q), this algorithm is very similar to that given by Ka-Sing Lau, [15] . First the following obvious lemma is needed: The next lemma will ensure that an exhaustive search for all elements in a finite range for a given spectrum will terminate if q is a Pisot number.
Lemma 2. If q is a Pisot number, and S is a finite set of integers, then
where the last inequality comes from [3, 8, 9] . Thus
Algorithm 1 is one way to write an exhaustive search to determine
As the spectrum of the Pisot numbers is uniformly discrete (this follows from [8, 11] 
The converse to this is
Note that, in Theorem 2.1, q is not assumed to be Pisot. It is worth noting that only discreteness is shown, and not uniform discreteness. In fact, there exist examples of spectra, described later in Section 5, which have provably nonuniformly discrete spectra.
Algorithm 1: Finding the Spectrum of a Pisot number q.
Proof.
Let s l and s u be lower and upper bounds for S, and α l and α u be as defined in Lemma 1. Define
and define α l,1 similarly to be the first element in the spectrum less than α l . From this, define α u,n := q × α u,n−1 + s l and α l,n :
. Clearly, α u,n → ∞ and α l,n → −∞ as n → ∞. By assumption λ 1 has only a finite number of elements. Noticing that
gives by induction that λ n has only a finite number of elements. Thus Λ S (q) is discrete, as required.
Programming tricks
The algorithm described in Section 2 was implemented in C++. This section will summarize some of the techniques used to improve the efficiency of this code.
When calculating Λ S (q) a list of all polynomials examined must be kept. As the degree of these polynomials can be quite large, this list of polynomials can take up a large amount of memory. To reduce the space requirements, the actual code stored the remainders of the polynomials when divided by the minimal polynomial of q. This is advantageous as the degree is bounded above; and through experimentation it is noted that the height of these polynomials being stored do not grow larger than a "short int" in C++.
This has a second advantage; if p 1 (q) = p 2 (q) where p 1 and p 2 are polynomials, then the remainders of p 1 and p 2 when divided by the minimal polynomial of q are equal. Thus duplication within the spectrum is easily recognized.
These polynomials are stored in a Red-Black tree with a lexigraphical order on the coefficients, but any height regulating tree with any order would give similar results for time comparisons of duplication recognition. For more information on Red-Black trees, see [5] .
The next observation to be made is that if S is symmetric (i.e., s ∈ S implies that −s ∈ S), then Λ S (q) is symmetric. Utilizing this symmetry eliminates half of the calculations needed.
Lastly, a technique that was considered, but decided not necessary for this preliminary investigation, allowed the problem to be partitioned up into an arbitrarily large number of subproblems. This would allow the constraining factor on the calculations to be disk space instead of RAM. Further, with a careful implementation, this technique could also be utilized to parallelize the calculation.
This technique to partition the problem up is described most easily by means of an example. Let S = {±1} and let P (x) = x 3 − x − 1 be the first Pisot polynomial (with approximate root 1.324717957). Let m = 2 (here m could be chosen to be any integer). Divide the set of polynomials in the spectrum into |P (m)| = 5 residues, depending upon their evaluation at m. Consider the set of polynomials with coefficients in S known at some point in the calculation which evaluates at m to 2 (mod 5). Then these polynomials, when extended, will evaluate at m to either 3, or 0 (mod 5) (as 2 × 2 + 1 ≡ 0 (mod 5) and 2× 2 − 1 ≡ 3 (mod 5)). Thus, when the polynomials which evaluate to 2 (mod 5) at m are being examined, the set of polynomials of residue 1 or 4 need not be in memory. In general, at most |S|+1 p(m) (a fraction tending to 0 as m tends to infinity) of the polynomials need be in memory at any given time.
Naive methods failed to calculate Λ(q) for 16 examples, all of degree 10. Thus it was decided that the overhead needed to implement this technique was not justified.
4. Some questions of Λ(q) and A(q) for Pisot numbers q Algorithm 1 has been used to calculate l(q) for all Pisot numbers up to and including degree 9, and a(q) for Pisot numbers up to and including degree 10. (Recall, l(q) = l {±1,0} (q) and a(q) = l {±1} (q).) To determine the Pisot numbers up to and including degree 10, the methods of David Boyd were used [1] . There are 232 Pisot numbers of degree less than or equal to 10 (between 1 and 2 inclusive) and thus we do not include all of the results here. However all these results, as well as the code used to determine them, can be found at [12] .
In the calculations of a(q) and l(q), there were only a few cases where these values coincided. Some of these are enumerated in Table 1 . The polynomials associated with l(q) in this table are the ±1 polynomial modulo the Pisot polynomial which gives ±l(q).
The number of Pisot numbers of degree less than or equal to 10 where a(q) = l(q) is fairly small, and it would be interesting to know if the set of Pisot numbers with this property is finite.
The next question of interest is which Pisot numbers q satisfy a ±1 polynomial. This is equivalent to asking if 0 ∈ A(q). This was answered in the affirmative for most Pisot numbers. The first failure is of degree 6. It is interesting to note that all of the examples found where 0 ∈ A(q) are such that this root q is greater than 1.95. It would be interesting to know if this must always be the case. These results are summarized in Table 2 . 
1.983583 0.504138
1.991964 0.502017 Table 2 . Pisot polynomials that do not divide a ±1 polynomial.
Pisot polynomial Pisot number Lastly given are two tables of the largest calculations done in the computation of l(q) and a(q). Any calculation which had an approximate spectrum size of over 20 million is listed. Due to the memory requirements of this program, any problem with a spectrum of approximate size over 48 million could not be computed. This accounts for 16 out of the 232 Pisot numbers of degree 10 or less. Table 3 is for l(q), and Table 4 
is for a(q).
The timings listed in these tables were done on a MIPS R10000 Processor Chip Revision: 3.4 (Main memory size: 4096 Mbytes). The code to perform these calculations was written in C++, using the GNU compiler.
Precise values of l(q) and a(q) in terms of their polynomial evaluation at q can be found on the web at [12] .
Some questions of A(q) for non-Pisot numbers q
Peres and Solomyak asked in [18] for which q in 1 < q < 2 is A(q) dense. It was unknown to the authors then if there were any q for which q is not a Pisot number, yet A(q) is not dense. Here, this is answered in the affirmative.
The examples of non-Pisot numbers q where A(q) is discrete required a search of 1868 possible candidates. To explain how these candidates were determined, consider the following theorem. Proof. Assume that q does not satisfy such a polynomial. Take P 0 = 1. Then take
for all i and 0 ≤ P i ≤ 1. If this sequence repeats, then q satisfies the difference of the two ±1 polynomials in q, which is of the form described above, hence a contradiction. Hence, {P i } is an infinite nonrepeating sequence in [0,1], and thus A(q) is not discrete.
Corollary 1. If q does not satisfy a height 2 polynomial, then A(q) is not discrete.

Lemma 3. If
Lemma 3, although of theoretical interest, is not of much practical use, as no q < √ 2, other than the two Pisot numbers, have been found where A(q) is discrete. With the limits imposed by Theorem 5.1, the search was restricted to the following:
1. All polynomials dividing a height 1 polynomial of degree ≤ 7.
2. All polynomials dividing any ±1 polynomial up to degree 10. Some observations that can be made on the basis of this search are as follows: 1. All examples of q where A(q) is discrete found are Perron numbers (all conjugates are of modulus less than q). 2. There were 120 examples found of non-Pisot numbers with discrete spectra A(q). 3. There were 7 Salem numbers found (all but one conjugate is of modulus 1), with discrete spectra. They are given in Table 6 . 4. The only non-Pisot numbers q whose minimal polynomial has Mahler measure less than 2 while A(q) is discrete seems to be these Salem numbers. 5. The smallest (non-Pisot) number found with discrete spectrum is the Salem number 1.72208 of degree four (the root of
6. The largest root of x n − x n−1 − · · · − x + 1 is a Salem number with discrete spectrum (Theorem 5.3 and Theorem 5.4) and the only Salem numbers of degree 9 or less with discrete spectrum satisfy a polynomial of this type. 7. All q found in the search of non-Pisot numbers satisfying a polynomial of the form n x n + n−1
, β i ∈ {±2, 0} and m ≥ 1 do not have zero in the spectrum. 8. The smallest degree polynomial defining a q such that A(q) is discrete is
It is worth noting here the distinction between discrete spectra and uniformly discrete spectra. As will be shown, these examples found of non-Pisot numbers with discrete spectra A(q) are "most probably" not uniformly discrete, and some provably not uniformly discrete. Proof. The first part follows by noticing that
and the second part follows by noticing that
So if the conjecture is true that l(q) > 0 if and only if q is Pisot, then we have that all of the non-Pisot numbers q must have A(q) nonuniformly discrete. q−1 . Thus at each step of the algorithm there is only one choice, and it must terminate after n steps. (The case of polynomials with negative lead coefficients has been removed by symmetry.)
Thus it remains to prove these two observations. For the cases of q < 1.780, we simply note that this is already covered as a special case in Table 6 . 
Finding ±1 polynomials with LLL
If q is not a Pisot number, yet is still an algebraic number, Algorithm 1 can be used to determine if 0 ∈ A(q). Unfortunately, for some q, this algorithm cannot return a negative answer and has the potential of returning no information at all.
